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Abstract 

a 

We represent quantum observables as POVMs (normalized positive operator valued measures) and con- 
sider convex sets of observables which are covariant with respect to a unitary representation of a locally 
compact Abelian symmetry group G. The value space of such observables is a transitive G-space. We 
characterize the extreme points of covariant observables and also determine the covariant extreme points 
of the larger set of all quantum observables. The results are applied to position, position difference and 
time observables. 



Keywords: positive operator valued measure, POVM, convex set, extreme point, extreme observable, 
covariant observable, Abelian group, position observable, time observable 

PACS numbers: 03.65.Ta, 03.67.-a 



■ Introduction 

In the quantum mechanical description, observables are represented as normalized positive operator val- 
ued measures (POVMs). Observables with the same value space form a convex set. The extreme points 
of this set (or any of its relevant convex subset) represent observables whose measurements involve no 
arbitrariness caused by mixing of different measurement schemes. In this paper we concentrate on the 
problem of determining the extreme observables covariant with respect to a locally compact Abelian 
symmetry group G. The value space f2 of such observables is a transitive G-space so that the characteri- 
zation of extreme covariant observables is a generalization of the characterization of Holevo et al [1] where 
SI = G is assumed. Since many important observables are described by covariant POVMs, characterizing 
extreme covariant observables is of great physical interest. 

Several different extremality conditions for quantum observables are already given in literature: In 
[2] a complete characterization of extreme quantum observables is obtained; see also [3] . The problem of 
determining covariant extreme points has been studied, in the case of a compact symmetry group and 
an arbitrary transitive value space in [J| and in the case of a general unimodular separable type I locally 



*ethaap@utu.fi 
tjuhpollo@utu.fi 



1 



compact symmetry group which is also the value space in [T]. Similar characterizations for covariant 
extreme POVMs in the finite-dimensional case are given in [S]. 

The structure of observables that are covariant with respect to a locally compact second countable 
(Hausdorff) Abelian group G and whose value space is an arbitrary transitive space of G has been fully 
determined by Cassinelli et al [5J; this paper builds upon their result. In the next section we will give 
a mathematical description of (covariant) quantum observables and, in Section [3J we restate the result 
of [BJ on covariant observables and characterize the extreme points in the set of covariant observables. 
We also address the problem of defining the covariant POVMs which are extreme points in the set of 
all quantum observables; a characterization of such observables is given in Section [2] In the following 
sections we study some physical examples - time, position and position difference observables where wc 
apply the results obtained in the preceding sections. For instance, we show that the canonical covariant 
time observable is extreme in the set of all observables. All proofs of the theoretical part are given in 
Appendix A. 

1 Preliminaries 

Let N := {0, 1, . . .}. Suppose that (f2, A) is a measurable space (where A is a a-algebra consisting of 
subsets of a set fi) and that IK is a (complex) Hilbert space, and £ (IK) the algebra of bounded operators on 
IK. Let M : A — > £(IK) be an operator (valued) measure, i.e. weakly cr-additive mapping: for any disjoint 
sequence (Bfc)fceN C A the condition (ip\M(UkeNBk)ip) = SkewM-^-^)^) holds for all ip, ip G IK. We 
call an operator measure M positive if for all B g A, M(B) > i.e. (ip\M(B)ip) > for all ip G IK. An 
operator measure M is projection valued if its range consists of projections: M{B) 2 = M(B)* — M(B) 
for all B 6 A. An operator measure is normalized if M(VL) = I = 1^ (the identity operator of IK). 
Normalized positive operator valued measures (POVMs) arc identified with observables. Normalized 
projection valued measures (PVMs) are often called sharp observables. The set of POVMs M : A — > £(IK) 
is denoted by 0(A, IK) and the corresponding set of PVMs is denoted by E(A, IK). 

The set 0(A, IK) is convex: We may take any observables Mi, M 2 G 0(A, IK) and any < t < 1 and 
define the combined observable tM\ + (1 — €)Mi by 

(tM 1 + {l-t)M 2 ){B)=tM 1 (B) + {l-t)M 2 (B), B e A. (1) 

A convex combination of the form (fTJ) can be seen as a mixing or randomization of measuring procedures 
of the observables Mi and M 2 . We may then ask what are the extreme elements of the set 0(A, IK). 
As usual, an observable M 6 0(A, !K) is extreme, M £ Ext(0(.A, !K)) , when from the condition M = 
tM x + (1 - t)M 2 for any M x , M 2 € 0(A, "K) and < t < 1 it follows that M = M x = M 2 . We 
also study convex subsets StJl C 0(.A, IK) and their extreme points. Similarly, an extreme observable 
M G Ext(OT) cannot be obtained as a (nontrivial) combination like ([1]) with M\, M 2 G DJl; this means 
that the measurement of M involves no redundancy caused by combining different measurements of 
observables from the class 971. It is a direct consequence of [71 Lemma 2.3], that spectral measures are 
extreme points of 0(A, %) and thus T,(A, IK) n 971 C Ext(9JT) when M C 0(A, IK) is a convex set of 
observables. Note that an extreme point of a convex set 971 C 0(A, IK) is not necessarily projection 
valued. 

If 971 n S(^4, IK) = 0, a question arises whether the convex set 97t C 0(A, IK) contains any extreme 
points. Let us assume that is a locally compact Hausdorff space and IK is a separable Hilbert space. 
Following Section IV. A] one can define a locally convex topology of the space of operator measures 
on 23 (f2) (here 23 (fi) is the cr-algebra of Borel sets of f2) acting on IK and show that the set of observables 
0(il, IK) := 0(23(17), IK) is a compact subset of this space. The Krein-Milman theorem states that the set 
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of extreme points of any closed and convex subset 9H of observables is non-empty and that SEJt coincides 
with the closure of the convex hull of Ext(2H). 

In the sequel we concentrate on a special class of observables; covariant observables. Let us assume that 
G is a topological group with a strongly continuous unitary representation U acting on a separable Hilbert 
space !K. Let O be a topological space with a transitive continuous G-action G X O 5 (g, uS) i-> g ■ u € O. 
Suppose that we have an observable M £ 0(0, 3~C) that obeys the covariance condition 

U(g)M(B)U( 9 y = M(g ■ B) (2) 

for all g £ G and B £ 23(0). We call these observables (0, U)-covariant or briefly covariant if there is no 
possibility of confusion. We denote the set of (O, [7)-covariant observables of 0(0, D-C) by 0[/(0, IK) and 
call the set 0[/(0, D-C) as a covariance structure determined by the representation U and the G-space O. 
Note that covariance structures Oj/(0, !K) are convex subsets of 0(0, D{). It can also be easily shown 
that covariance structures are closed in the sense of [4] so that one can apply Krein-Milman theorem as 
above. 

In this paper, we are especially interested in the covariance structures 0[/(0, IK) where U is a strongly 
continuous representation of a locally compact second countable Abelian group G which is Hausdorff. In 
this case the group G is er-compact and any transitive G-space O is homeomorphic to a (left) coset group 
G/H for some closed subgroup H < G [5]. Hence, let O = G/H with H < G closed, and let [g] = gH 
denote the coset of O determined by g £ G. Suppose that M £ 0(0, IK) is a covariant POVM. Cattaneo 
[3] has shown that there is a minimal covariant Naimark dilation of M, i.e. there is a Hilbert space DC, 
a representation Uq of G in X, an isometry Vb : IK — > DC and a PVM P S 0^ q (O, DC) such that vectors 
P(B)Va(p, B £ 23(0), ip £ D£, span a dense subspace of DC and 

V M(B) - P(B)V , BelB(O), 
W<?) = U (g)V , g£G. 

Mackey's imprimitivity theorem [51 Theorem 6.31], [10] states that there is a representation ir of the 
subgroup H in a Hilbert space Df w , a G-invariant (Haar) measure /i : 23(0) — > [0, oo] and a Hilbert space 
S) of functions / : G — > JC^ such that 

• the function G 9 g n- (y| /(<?)) is Borel for all y> € IK W , 

• f(dh) = ^W/Xff) f° r all g € G and h £ H and 

• ;ji/( ff )ii 2 rfM([5])<^. 

The inner product of the space Jo is given by 

(/i|/a) = / (A (.9) l/ 2 (.9)) A, /a € i5- 

Let us define a PVM P £ S(0, io) := S(23(0), io) and a strongly continuous representation U of G in f) 
such that 

(P(B)/)(<7) - X S ([.9])/(5), (3) 

{Utf)f){9) = f(9'9) (4) 

for all B £ 23(0), / £ $j and g, g' £ G. The representation U is the representation induced from 7r and it 
is often denoted by ind^(7r). The function \b '■ O — > {0, 1} is the characteristic function or indicator of 
B. In addition, there is a unitary mapping V\ : DC — > Jo intertwining P with P and respectively Uq with 
{/, and hence the isometry V :— V{Vq intertwines M with P and U with t7, i.e. 

VM(B) = P(B)V, P€23(0), 
T/(7(. 9 ) = U(g)V, g£G. 
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The triple (P, U, CI) which is unique up to unitary equivalence is called the canonical system of imprim- 
itivity corresponding the triple (M, U, fl). The results of [5] are also valid when G is not Abelian. Using 
this result Cassinelli et al have characterized the covariance structure Ojj(Cl, 5C) in case of an Abelian 
symmetry group [6]. We summarize these results in the following section. For basic results in harmonic 
analysis, we refer to [5] and 

2 Extremality Conditions of Covariant Observables 

For any topological space X, we let C C {X) denote the space of continuous compactly supported functions 
/ : X — > C. For any measure A : — > [0, oo] and any Hilbert space M we let L 2 (X, A; M) denote 
the Hilbert space of (equivalence classes of) square integrable functions X — > M and we let L 2 (X, A) := 
L 2 (X, A;C). Moreover, we denote the Banach space of A-integrable functions / : X —> C by L l {X, A) 
and {L 1 n L 2 ){X,\) := L X (X, A) n L 2 {X,\). Iflcl" and A is the (restricted and possibly scaled) 
Lebesgue measure, we drop A out from the above notations. 

We also need the concept of a direct integral of Hilbert spaces. Suppose that X is a nonempty set 
with a cr-algebra A of its subsets. Suppose that fi : A — > [0,oo] is a measure and (^rC x , (-\-)x) is a 
separable Hilbert space for all x £ X. Suppose that there are vector fields X 3 x H> ek{x) £ ^K x , k £ N, 
such that ek(x), k £ N, generate the Hilbert space "K x . We may even assume that the vectors ek(x), 
k < dim(5£a;) + 1, form an orthonormal basis of "K x for every x £ X. We call a section ip £ Yl x ex-^ x 
measurable, if the functions X 3 x i— > (ek(x)\(p(x)) x £ C are yi-measurable. Let the direct integral 
fx dfj.(x) be the Hilbert space of /i-square-integrable sections equipped with the inner product 

(cp,tp) !-> {(p\ip) = / (cp(x)\tp(x)) x dfj,(x). 



Clearly L 2 -spaces are of the direct integral form. We call an operator A of "K x d/i(x) decomposable 
with components A(x) on Jf x , x £ X , if (Aip)(x) — A(x)<p(x) for all (p £ J® ^i x dfi(x) and x £ X . The 
decomposable operator is denoted by 

A = / A(x) d/j,(x) 
Jx 

and it is bounded iff \\A\\ := ess sup^g^ ||A(x)|| < oo. If the measurable space (X, A) is discrete, the 
direct integral J x ^K x dfi(x) reduces to a direct sum. 
For the rest of this paper we assume that 

• G is a locally compact second countable Abelian group which is Hausdorff, 

• U is a strongly continuous unitary representation of G in a separable (complex) Hilbert space J£, 

• fl = G/H where H < G is a closed subgroup, 

• /i is an (essentially unique) G-invariant Borel measure on f2, 

• G is the character group, the representation dual, of G, 

• H is the annihilator of H, i.e. the subgroup of those r\ £ G such that (h, rj) = 1 for all h £ H. 

Here we have denoted (g, 7) := 7(g) € T for all g £ G and 7 € G. 

Since G is of type I, there is a Borel measure vjj on character group G which is finite on compact 
sets and a measurable field of Hilbert spaces !K 7 , 7 g G, such that the Hilbert space 5£ can be given as 
a direct integral 

0i= ^dvu^) (6) 
Jg 
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where the representation U operates diagonally, i.e. (U(g)(p\ (7) = (5,7)^(7) for all g e G, ip € !K and 
7 G G. 

If there are observables covariant with respect to the representation U, i.e. 0t/(f2, 3-C) 7^ 0, we may 
dilate the generalized system of imprimitivity (M, U, il) into a canonical system of imprimitivity induced 
from a strongly continuous unitary representation tt of the subgroup H operating in a Hilbcrt space Jf^ 
[S]. Thus there is a Borel measure v on ~ G/H^ which is finite on compact sets that gives the direct 
integral decomposition 

K„= f 5C [T] di/([ 7 ]) (7) 

where the representation tt operates diagonally, i.e. (ir(h)ip) ([7]) = (ft., 7)y>([7]) for all /i G i?, ip G JC^ 
and 7 € G. Here [7] = 7 + -ff is the coset in G/H- 1 determined by 7 G G. 

Pick a Haar measure drj for such that the Fourier-Plancherel transformation 3" : L 2 (Jl,p) —> 
L 2 {H 1 - , cfoy) defined by 

(?/)W = / MfM)dy.M), /G(i x ni 2 )(n,M), »7Gif x , 

is unitary. Define a continuous positive functional L : G C (G) — > C, 

£(/)=/ / f( 7 + r ) )dr ] dv([ 1 ])= [ /( 7 )rf%) (8) 

JG/H 1 - JH 1 ^ J G 

for all / G G C (G) where the measure i> : 23(G) — > [0,oo] given by the Riesz representation theorem 
is finite on compact sets. The measure v can be viewed as a 'lift' of v with respect to the 'fibration' 
G ->■ G/H- 1 -, 7 m- [7]. 

The following result has been obtained in [5]. 

Proposition 2.1 Let vjj be the measure giving the direct integral decomposition ([6]) in which U acts 
diagonally. The covariance structure 0[/(^, 3C) is non-empty if and only if there is a strongly continuous 
unitary representation tt of the subgroup H in such that there is an isometry Wq : 3C — > f) from the 
space of the representation U to the space Sj of the induced representation U := ind^(7r) intertwining 
U and U, i.e. WoU(g) — U(g)Wo for all g G G. Moreover, in this case, the measure vjj is absolutely 
continuous with respect to the lifted measure v of ^ derived from the measure v of (f7|). 

Without restricting generality (see Remark IA.1I in Appendix [3} we simply assume that 

v v = v. 

Fix an infinite-dimensional Hilbert space M. Suppose that ip G "K = fg J£ 7 dv(~f) and [7] G G/H- 1 -. 
Let us define 

11^7] IK := / 11^(7 + ^)11 dr] 
whenever the integral exists. One can easily check that the set 




is a linear subspace of 'K. 

Suppose that W : !K — > L 2 (G, v; M) is a decomposable isometry, i.e (Wip)(j) = W (7)^(7) for all 
ip G "K and 7 G G where W( 7 ) : M 7 — >• M is an isometry. Define an operator 2U : D — > L 2 (G/H ± , v; M) 
such that 

(2ffv)([7])= / W(7 + 77)99(7 + ?/) dry G M (10) 
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for all ip £ D and [7] G G/H- 1 . Let <p £ D. The operator 2U is well defined and 



wr< / ik l7] iij^([7])<oo 

for all 2). We may reformulate the main result of [6] in the following form. The original formulation of [6] 
(Theorem IA.1I) and the proofs of the theorems below are in Appendix [X] Results concerning covariant 
PVMs are essentially from [12j . 

Theorem 2.1 For any M £ G[/(Q, J£) i/iere is a decomposable isometry W : IK — > L 2 (G, v; M) wiift 
isometric components W(j) : IK 7 — > M, 7 G G, smc/i £/ia£ 

MM(Bty) = / (WU(g)*(p\WU(gyil>) dn({g}) (11) 



/or a// cp, if; £D and B £ B(f2). TTie operator 2U : D -> L 2 (G/H ± , v; M) is obtained from W as above. 
On the other hand, given a decomposable isometry W : IK — > L 2 (G, v; M), Equation (1111) defines an 
observable M £ 0j/(f2, IK). XTie intersection Qu(Q, IK)n£(fi, IK) is non-empty if and only if the function 
G 9 7 i— )• 71(7) := dim(J£ 7 ) is essentially constant on (almost) every coset [7] G G/H- 1 . Furthermore, an 
observable M £ 0[/(f2, IK) is a PVM if and only if the mapping W(j2)*W(-yi) : IK 7l — > IK 72 is unitary 
for a. a. [7] G G/H 1 - and a. a. 71, 72 G [7]. 

Let us denote by H the closure of the image space 2H(ID) in L 2 (G / H 1 - , v\ M). It is shown in the 
Appendix [Al that there is a measurable field of Hilbert spaces G/H 1 - 3 [7] n- Hr 7 i C M giving the direct 
integral decomposition 



H= / H [7] dK[7])- (12) 

iG/ff 1 

Note that H / (7)IK 7 C H for a. a. 7 G G and we say that (jlll) is the minimal Kolmogorov decomposition 
of M, see [TJ We are ready to characterize the extreme points of 0;y(f2, IK). 

Theorem 2.2 Suppose that M £ Ou(fl, IK) and £/ie decomposable isometry W is as in Theorem \2.1\ Let 
us keep the notations introduced in this section. The observable M is extreme in the covariance structure, 
M £ Ext(0[/(57, IK)), if and only if there is no non-zero decomposable operator A £ L(U), 



A= A [7] <M[ 7 ]), A h] £ £(H [7] ), [ 1 }£G/H ± , (13) 

Jg/h 1 - 

such that 

W{ 1 'fA b] W{ 1 ') = Q (14) 

for a. a. [7] G G/H 1 - and a. a. 7' G [7]. 

An observable M £ 0[/(f2, IK) that is extreme in 0(f2, IK) is, of course, also extreme in the covariance 
structure 0{/(f2, IK). Typically the set of convex extreme points of Ou(Q, 3f) is larger than the set 
of extreme points of 0(f2, IK) that are contained in 0[/(f2, IK), i.e. an observable that is extreme in 
0[/(f2, IK) need not be extreme in 0(fl, IK). Next we characterize covariant observables that are extreme 
also in 0(fl, IK). Note that there are Borel-measurable sections s : 57 — > G for the quotient projection 
G 3 g H> [g] £ Q [H lemma 3]. 

Theorem 2.3 An observable M £ Ou(Tl, IK) is extreme in 0(fl, IK) if and only if there is no non-zero 
decomposable operator D £ L (L 2 (f2, /i; H)) with components D(oj) £ £(H) for all ui £ £1 smc/i that for 
some measurable section s : Q — > G 

= f (W(U o s)(u})*ip\D(uj)W(U o s)(ujyiP)dfi(uj) (15) 
Jn 

(C - f, »H)<W(7 + CM7 + C)|B(w)^(7 + 0^(7 + 0) <f <«C^([7]) w 



in Jg/h 1 ^ Jh 1 ^ Jh 
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for all ip, ip G T>. 

Remark 2.1 Let M G Qu(Q, ?0 with the corresponding space H. We say that dimH is the rank 
of M. If the rank of M is 1, i.e. H ~ C also J£ 7 ~ C (or 5£ 7 = {0}) for a. a. 7 G G. Denoting 
A = {7 G G I dimJ£ 7 = 1} we see that J£ ~ £ 2 (A, £|b(a))- Furthermore, there must be a [70] G G/H 1 - 
such that f ({[70]}) > and dim (Hr 7o i) = 1 and otherwise dim (Hu) = 0. Thus we may identify H with 
H[ 7o j. We immediately see that this means A c [70]. 

It follows, that for any rank-l-observable M there is a weakly measurable unit-vector-valued function 
£ : A — > M defining a decomposable isometry W such that (Wip)^) = ^(7)^(7) for all <p G JC = 
L 2 (A, 

^|b(A)) an d a.a. 7 G A which in turn defines the rank-l-observable. The integral operator 22J : 
D — > H = H[ 7o ] C M giving the minimal Kolmogorov decomposition for M is of the form 

2U^= / ^(70 + vMlo + V) dv, peV, 

and thus it is clear that £(7) = 0(7)^0 with a measurable function c : A — > T and a fixed £0 G M so that 
dimH = 1. Thus the covariance structure 0j/(f2, !K) allows rank-l-observables if and only if there is a 
[70] G G/H 1 - such that ^({[70]}) > 0, A C [70], and dim (J£ 7 ) = 1 for a.a. 7 G A. This result parallels [H 
Proposition 4] . 

One sees immediately that M G Ext(0[/(f2, ?£)) when M is of rank 1 but it may happen that 
M (/ Ext(0(O, %)). For example, let S£ = C 2 with an orthonormal basis {|0), |1)}, U : T -> £(C 2 ), z i-> 
J7(z) = |0)(0| +z|l)(l|, and M : B(T) -> £(C 2 ), B h-> M(B) = M (B)(|0)(0| + |1)(1|) + / B zdfi{z)\Q){l\ + 
J B z d[i(z)\l) (0| a (T, C/)-covariant POVM of rank 1 where /z is the normalized Haar measure on T. Hence, 
M G Ext(0[/(T, C 2 )) but J T z 2 dM(z) = so that M ^ Ext(0(T, C 2 )). 

Remark 2.2 In the case of the trivial subgroup H = {e}, where e is the unit element of G, the result 
of Proposition 12.11 can be simplified: The covariance structure Oj/(G, 'K) is non-empty if and only if the 
measure vy is absolutely continuous with respect to the Haar measure dj of the dual group G; this result 
has also been obtained in [12]. Indeed, now G/H ~ G, dfi(g) — adg, a > 0, (where is some Haar 
measure) H 1 = G, and G/H 1 - and ^ are trivial so that dv(^) = bd-f, b > 0. The constants a and & are 
chosen such a way that 5F : L 2 (G,adg) — > L 2 (G,bdj) is unitary, i.e. for all / G (L 1 n L 2 )(G,adg), the 
Plancherel's formula 

IW)f(9)dg^a- 1 b[ jffWF)^f){l)dl = ab[ [ I (g' 1 g' n)W)fW) dgdg' d~{ 
jg Jg J&JnJn 

holds. For example, when G = R™, G = R n , and dg and c?7 are Lebesgue measures, ab = (2ir)~ n . 

When H = {e}, "K can be chosen to be 3~C 7 dj where A G 23(G) is such that dimJCy > for 
all 7 G A, and D = {ip G JC | J A ||v(7)|| c?7 < 00} . Let W(j) : JC 7 -> M be the field of isometries 
associated to M G O v {G, IK). Now 2U : D -> M is defined by 2B<p = / A W (7M7) ^7 for all 93 G D and 
H = 2B(!D) C M. Thus, M G Ext(0 (7 (G, ?£)) if and only if W{i)*AW{i) = for a.a. 7' G A implies 
A = (where A G £(H)) [Q. Moreover, M G Ext(0(G, %)) if and only if 

/ / [ ((-tg)(W(tMO\D(g)W(Om)dtd(dg = Q 
Jg J a J a 

for all <p, t/j G D, implies -D(^) = for a.a. g E G (where D(g) G £(H), g G G, is an essentially bounded 
measurable family of operators). 

In the following two sections we consider examples of the above theory where the value space f2 
coincides with the symmetry group G, i.e. H = {e}. 
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3 Covariant Position Observables 



Suppose that A £ CB(R rl ) is not of Lebesgue measure zero. Consider a representation U\ of R" in the 
Hilbert space L 2 (A) defined by 

(L/ A (qV)(p) = e^lPV(p) 

for all q £ R™, p e A and ip £ L 2 (A). Here (q|p) := ££ =1 %Pk for all q = ( qi ,...,q n ) £ R" and 
p = {pi, ■ ■ ■ ,Pn) G A. Thus, operators t/A(q) act diagonally. The measure vu A associated with U\ is 
denned by vu A (B) = 1{B n A) for any B € B(R n ) where ^ is the Lebesgue measure of W 1 . Hence, 
0f7 A (R™, L 2 (A)) 7^ 0. Fix an infinite-dimensional Hilbert space M. According to Theorem 12.11 any 
M G 0[/ A (R n , i 2 (A)) can be obtained by fixing a measurable field A 3 p i-> W(p) G £(C; M) of 
isometries. On the other hand, any such field can be fixed by picking any weakly measurable unit- vector- 
valued function £ : A — > M and setting 

W/(pMp) = ^( P )£(p), p e A. 

The following proposition is a direct consequence of Theorems 12 . 1 [ |2~21 and (see Remark |2.2[) . 

Proposition 3.1 Suppose that M £ Ua (W\ L 2 (A)). There is a weakly measurable unit-vector-valued 
function £ : A — > M such that 

{ V \M{B)i,) = (2tt)-" / / / e 4 ( x IP 1 -P 2 )(e(p 1 )|e(p 2 ))RpT)^(p 2 )rf"Pid n P2d n x (16) 
Jb J a J a 

for all ip, ip € (L 1 fl L 2 )(A) and i? 6 23(R n ). On the other hand, given a measurable unit-vector-valued 
function £ : A — > M, IT6|) defines an observable M £ Qu A \M. n , L 2 (A)). Suppose that M is as in (fl6|) . Lei 
H denote the Hilbert space generated by vectors J A v(p)£(p) rf"P, V € (L 1 n L 2 )(A). TTie observable M 
is extreme in 0£/ A (R™, L 2 (A)) if and only if there is no nonzero A € £(H) smc/i ttai 

(e(p)i^(p)) =0 a?) 

for a. a. p G A. The observable M is extreme in 0(R", L 2 (A)) if and only if there is no non-zero 
decomposable operator D £ £(L 2 (R"; H)) with components -D(x) £ £(H), x £ R n , such that 

fff e ^IP 1 -P^(£(pO|^(x)C( P2 ))^(pT)V'(P2)d n Pid n P2d n x = (18) 

JR" JR" JR" 

/or a// <p,ip€ (L 1 nL 2 )(R")- 

It should be noted that we always find extreme observables in Oj/ A (R™, L 2 (A)) which are not PVMs 
PP. Especially any observable as in (fTl?)) is extreme in Ojj a (R n , L 2 (A)) if the unit-vector- valued function 
£ : R" — > M is such that the vectors £(p), p € R™, generate a dense subspace of H pp; such functions 
clearly exist. 

Consider the case A = R™. We define the Fourier-Plancherel operator J : L 2 (R n ) — > L 2 (M. n ) for all 
tp£ (L 1 HL 2 )(R") by 

(9V)(p) = (27r)-™/ 2 f e l ( p l x V(x)d"x, pet". 
Jr" 

We often write £Fy> = ip for all cp £ L 2 (R"). Define a representation U : R" 3 q n- !!FI7 ffi n(q)5' in 
i 2 (R"); in other words (J7(q)(^)(x) = ip(x — q) for all q, x £ R" ja ip £ L 2 (R n ). We may characterize 
the covariance structure 0[/(R", i 2 (R")) easily using the above results concerning C/r™. For any M £ 
Qu(R n , i 2 (R")) there exists a weakly measurable unit- vector- valued function £ : M™ — > M such that 

(<p\M(B)ijj) = (2n)- n [ [ [ e^-^^C(PimP2))W^mP2)d n Pl d n p 2 d n X (19) 



for all B G 23(R") and ip, ip G C c (R ra ). The Hilbert space L 2 (R ra ) gives the quantum mechanical descrip- 
tion for a non-relativistic spin-0 particle moving in the space R n . The representation U is the position 
translation representation and the observables covariant in position translations are called position ob- 
servables. Position observables are exhaustively characterized by (1191) . The results of Proposition 13 . 1 1 are 
also valid for position observables. 

We may impose an additional requirement for a position observable: invariance under momentum 
boosts. This means that we call M G 0(/(R n , L 2 (R n )) a (momentum boost) invariant position observable 
if it satisfies the invariance condition 

V(p)M(B)V(p)* = M{B) (20) 

for all p G R™ and B G 23(R"). Here V is the momentum boost representation of R" in L 2 (R"), i.e. 
(y(p)y)(x) = e z ( p ' x V( x ) for all p, x <G R n and c/j G L 2 (R"). We denote the convex set of momentum 
boost invariant position observables by £(R n ). 

Suppose that M G Qu(R n , L 2 (R")) is as in (fl9"]l. Simple calculation shows that the condition (l20l) 
for M is equivalent with 

<£(pi+p)I£(p2+p)) = (e(pi)ie(p 2 )) (21) 

for a. a. pi, P2, p£ R™. This means that we may replace the vector- valued function £ with a measurable 
function n : R" — > C such that the value r?(p) coincides with the (essentially) constant value of the 
function 

Po ^ (£(pq + p)|£(po)) 

for a.a. p G R". We may now write for all B G 23(R") and ip, tp G C c (R n ) 

(<p\M(B)i;) = (2tt)-" / / / e l ( x IP 1 -P 2 )rKpi-p 2 )^(p7)^(P2)d"pid"P2rf I1 x. (22) 

JB JR" JR" 

Since J R „ J R „ (C(Pi)l£(P2))/(Pi)/(P2) ^"Pi rf"p 2 > for all / G C c (R n ), we note that 77 is a function 
of positive type, i.e. 

/ v(p)(r*f)(p)d n P >o 

JR" 

for all / G L 1 (R"). Here /*(p) = /(— p) for a.a. p G R™ and the bilinear operator * is the convolution 
in L 1 (R") x i 1 (R"). Any function of positive type coincides almost everywhere with a single continuous 
function [8] and we may thus assume that n is continuous. The normalization condition ||£(p)|| = 1 for 
a.a. p G R™ now reads r](0) = 1. Let us denote the convex set of continuous functions r\ : R™ — > C of 
positive type with 77(0) = 1 by £(R"). Any such function defines a positive sesquilinear form S on L 2 (R") 
through 

S(f, g)= [ [ v(Pi - P2)7(PiT3(P2) d n Pl d"p 2 /, g G C c (R n ). 

JR" JR" 

From this and the condition 77(0) = 1 we obtain that there is a weakly measurable unit vector valued 
function £ : M n ->• L 2 (R") with the property ((21]) such that (£(pi)|£(p 2 )) = ?7(pi - P2) for a.a. pi, p 2 G 
R". It is now clear that there is an affine one-to-one correspondence between the functions n G l£(R") 
and invariant position observables M given by ([22]) . 

The Bochner theorem states that for every function of positive type £ : R" — > C there is a positive 
Borel measure /i on R™ such that 

£(p) = f e - 4(p|x) d/j(x), pGR". 

,/R" 

Especially for all n G £(R") the corresponding measure p is a probability measure. In addition any 
probability measure p : 23(R") — > [0,1] defines a function 77 G £(R") in this manner. Suppose that the 
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invariant position observable M is as in (|22[) with a function rj £ £(R") arising from a probability measure 
p, i.e. 

r?(p) = / e- J ( p l x )dp(x), p £ E n . 

From this and the characterization (|2"21 of position observables we obtain easily that M = p* M^, where 
M H is the canonical position observable, M„(B)(p = xb<P for all B £ 23(R") and ip £ L 2 (R"). The 
convolution p * is given by 

(<P\P*M„(B)tP) = [ f y,(x-q)V(x-q)dp(q) <Tx 

for all £? £ S(R") and <p, V € L 2 (W l ). It is known jSJ Theorems 3.20 and 3.25] that the extreme points 
of the convex set €(R") are the group homomorphisms p n- e^ p ' q ) for some q £ R n corresponding to 
point measures <5 q and translated canonical position observables M q such that M q (_B) = M„(B — q), 
B £ 23 (R n ). We have thus obtained the following well known [14] result: 

Proposition 3.2 For any momentum boost invariant position observable M £ £(R"), there exists a 
probability measure p : 23(R") — > [0,1] such that M = p* M^. Moreover, the correspondence between 
invariant position observables M £ £(R") and probability measures p : 23(R") — > [0, 1] is affine and 
bijective. The extreme points of £(R") are all PVMs and of the form Mq, M q (£>) = M^{B — q), 
B £ 23(R"), for some q £ R". 

We close this section with a related example. Consider the Hilbert space L 2 (T n , p n ), where 

dp n {z) = (27r)-"d(arg ( Zl )) ■ ■ • d(arg (z 2 )), z = ( Zl , . . . ,z„) £ T". 

This space has an orthonormal basis {e m | m £ Z™} such that e m (w) = (w, m) for all m £ Z n and 
w £ T™. The dual action of Z n on T" is defined by 

(w,m) =w\ ni ■••<"", w = ( Wl ,...,w n ) £T n , m=(mi,...,m»)6Z n . 

Consider now a Hilbert space "Kz spanned by an orthonormal basis {e m | m £ Z} with ZcP. Define 
a unitary representation JTz of T™ in %z through 

M»)=E< w ' m )W< e »l' weT "- 

The case Z = 1 n corresponds to position observables of a particle confined to the compact cyclic space 
T n . The representation U%*. =: U acts now as 

([/(w)</?)(z) = y>(zw) 

for all w, z £ T" and <p £ Jf^n = i 2 (T™,^„). Here w = (wi, . . . ,w n ) = (wT, . . . ,Wil). 

The covariance structure 0[/ z (T™, "Kz) and its extreme points can easily be characterized as in the 
beginning of the section. We give the results without proofs. 

Proposition 3.3 For any M £ 0;y z (T n , J-Cz) there is a family {£ m | m £ Z} of unit vectors in an 
infinite dimensional Hilbert space M such that 

M{B)= <&l&> /(z,k-I)d Atn (z)|e k ){e,|, B e 23(T"). (23) 

k, l£Z ^ B 

On the other hand, an observable M as in (|23|) is Uz-covariant with any choice of the unit vectors f m £ M, 
m £ Z. Suppose that M is a covariant observable as in (|23[) . Denote the Hilbert space generated by the 
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vectors £ m , m G Z, by H. The observable M is extreme in Sfftp? if and only if there is no non-zero 
operator A G £(H) such that 

(U\M m ) = (24) 

for all m G Z. The observable M is extreme in the set 0(T™, "K) if and only if there is no non-zero 
decomposable operator D G L (L 2 (T™, /i„; H)) with components D(z) G £(H) such that 

f (z,k-l)<£ k |£>(z)6)d/i n (z) = (25) 

/or all k, 1 € Z, 

In the case Z = Z", similarly as before, one can define the canonical position observable of a particle 
moving on T". It is even easier to show that all momentum shift invariant position observables are 
convolutions of probability measures on T™ with the canonical position. The corresponding extreme 
observables are shifted canonical position observables and, hence, they are PVMs. 

One may easily check that if Z ^ I/ 1 the covariance structure 0u z (T™, J~Cz) contains no PVMs. In the 
case n = 1 the choice Z = {0, 1,2,.. .} corresponds to covariant phase observables of an electromagnetic 
mode. Thus, a phase observable is never a PVM. Choosing the vectors k = 0, 1, 2, . . ., of (j2"3")l such 
that = £o for all fc = 0, 1, 2, ... we obtain the canonical phase observable One may easily check by 
using Proposition 13.31 that $ is extreme in 0(T, "K). This result was obtained already in |15) . 



4 Time Observables of a Free Particle 

We investigate another example where H — {e}. Consider a free non-relativistic spin-0 particle of mass 
m moving on a line. The Hilbert space of the system is L 2 (K). Let P be the usual momentum operator, 
i.e. the extension of the differential operator Pip — —i(p' defined densely in L 2 (R). The generator of time 
shifts is the Hamiltonian H n = P 2 /(2m) and it defines a representation V of the group of time shifts 
(group of additive real numbers) by V(t) = e UH ° for all tsl. Since the spectrum of Hq is bounded from 
belowo there is no self-adjoint operator T on L 2 (R) canonically conjugated with Hq, i.e. 

[T, H Q ]<p = THop - H Tip = -Up (26) 

for all <p in some dense subspace of L 2 (R). This in turn means that there is no PVM P G E(R, L 2 (R)) 
with the covariance property 

V(t)P{B)V(t)* = P(B + t) (27) 

for all t G R and B G S(R). However, there are POVMs M G 0(R, L 2 (R)) covariant with respect to V. 
We call these observables M G Oy(R, L 2 (R)) (covariant) time observables of a free particle. For every 
cp G L 2 (R) denote its Fourier-Plancherel transform by (p and especially if cp G (L 1 n i 2 )(R) 

<p(p) = / e lpx tp(x) dx, pGR. 

Let us denote the set of positive real numbers by R + . Define a unitary map i 2 (R) 3 ip M- (p G 
i 2 (R+; C 2 ) as in [TBI III.8], where 

/mx 1 / 4 

m = [-) (^(v / 2to^),(^(-V2^)), e>0, 

for all (p G L 2 (R). One has 

(V(t) ( p)( S ) = e iet l p(e) 

indeed, a(H ) = [0, oo). 
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for all <p E L 2 (R), t E K and e > [IB]. We define the dual action of R onto itself by (t,e) = e iet . The 
component spaces in the direct- integral representation © are thus C 2 . The value of a vector p E L 2 (R) 
in the fiber defined by an e > is the vector <p(e) G C 2 . The measure : 23 (R) — ► [0, oo] in (jBJ is simply 
the R + -supported Lebesgue measure. Hence there are time observables covariant with respect to V. 

Fix an infinite-dimensional Hilbcrt space M and a weakly measurable field R + 3 e H> W(e) E 
£(C 2 ; M) of isometries. Using Theorem 12.11 we see that the operator valued set function M : 23 (R) — ► 
L(L 2 {R)) defined by 

(y\M{B)^)=— / / e <t ^- ei J(^(ei)|W(ei)*W(ea)^(e 2 ))dei<fe2dt (28) 
2tt J b J J q 

for all B E 23 (R) and p, ip E S(M) is a covariant time observable. Here S(M) is the Schwartz space of 
rapidly decreasing functions R — >• C. On the other hand, given a time observable M E Oy(R, L 2 (R)), 
there is always a field e i— > W{e) of isometries that defines M through (|2"5|) . We may determine any such 
field of isometries by fixing unit-vector-valued weakly measurable functions Q : M + — > M, j = 0, 1, such 
that Co(p) -L Ci(p) f° r a - a - P > and setting 



W(e) = \(o(V2rne))(0\ + \( 1 (V2rne))(l\, e > 0, 

where the vectors |0) and |1) constitute an orthonormal basis of C 2 . We obtain the following result as a 
direct consequence of the Theorems 12.11 12.21 and 12.31 



Proposition 4.1 For any time observable M E Oy (K, £ 2 (R)) there exist unit-vector-valued weakly mea- 
surable functions Q : R + — > M, j = 0, 1, with Co(p) -L Ci(p) / or a.a. p > such that 



oo poo 



(y|M(BM=- / / / e &<ft-*) ^ (Ci(pi)ia(P2)>^((-l) J Pi)^((-l) fc P2)^ipJdpidp 2 dt 

(29) 

/or a/Z £> £ 23(R) and ip, ip E S(M). On the other hand, if the weakly measurable unit-vector valued 
functions Q : M + — > M are as above, (|29p defines a time observable. Suppose that a time observable M 
is as in (|29p . Denote by H the Hilbert space generated by the vectors J °° (<p(p)Co(p) + </H — p)Ci(p)) y/pdp 
where tp E S(M.). The observable M is extreme in Oy(R, L 2 (R)) if and only if there is no non-zero 
operator A E £(H) such that 

(C-(p)|ACk(p)>=0 (30) 

/or aZZ j, fc = 0, 1 and a.a. p > 0. TTie observable M defined as in ([29)) is extreme in 0(R, L 2 (R)) j/ 
and on/y if there is no non-zero decomposable operator D E £(L 2 (M;H)) components D(t) E £(H), 

igR, smc/i £/ia£ 

/ / / e ^-^ v (o(pi)p(t)a(P2))^((-i)v)^((-i)^2)vpi^*i* 2 ^ = o 

JnJo Jo iifc=0 
/or V e S(R). 

Let us take a closer look at the special time observable r E Oy(R, L 2 (R)) which is defined by (I2U1) 
with constant functions Cj(p) = f° r J = 0, 1 and a.a. p > where 1 Thus for any ip, tp £ S(M) 
and all B e 23 (R) 



OO POO 



B JO 



{<p\t(BW)=—\_\ I e^ p ^\v(PiMP2) + v(-PiM~P2))VP^d Pl dp 2 dt. (31) 



We call t the canonical time observable (of a free particle ) |16j . It is clear that r is an extreme observable 
in the set Oy(R, L 2 (R)). Next we show that it is also extreme in 0(R, L 2 (R)). 
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Suppose that there is a bounded decomposable operator D e £(L 2 (R;H)) with components D(t) € 
£(H), t G M, where H is just the two-dimensional space generated by the vectors (po and ipi such that 



o Jo 



:y> />oo 1 

/ e &iPl-Pl) V ^((-l)^i)V'((-l)' £ P2)^, fe (t)v^*i*2^ = 
Jo , n 



for all fc, / = 0, 1, 2, . . . and ip, tJj £ S(R) where D jtk (t) := (^|D(t)^ fc ) for all i 6 f and j, jfc = 0, 1. 
Assume, for example, that in the above formula (p is such that ip is supported by K + and that tf> is such 
that ip is supported by the complement of M + . Now only the term j = 0, k = 1 of the sum is left in the 
above formula. Proceeding in a similar fashion we can isolate all the terms of the sum and we conclude 
that 



CO p CO 

e lt(El -^g(e 1 )f(e 2 )D^ k (t) de x de 2 dt = 



'0 JO 

for all /, g E (L 1 n L 2 )(R) supported by K + and j, k = 0, 1. Define the parity operator CP, ( O 3 ^) (ar) = 
(p(— x) for all ip £ L 2 (R) and a. a. We may rewrite the above equation using the properties of the 

Fourier transform in the form 

J (f^>9)(t)D j>k {t)dt = o, 

where * is the convolution. To show that D = it thus suffices to show that the linear space spanned by 
vectors / * Tg, where f,g£ (L 1 nl 2 )(R) are supported by M + , is dense in L 1 (R). We define (associated) 
Laguerre polynomials U n , n 6 N, j € M., through 

We denote L a n =: L n for all n g N. Consider the scaled Laguerre polynomials f(x) — L m (x)e~ x / 2 and 
g(x) = L n {x)e~ x l 2 for all x > 0. Using formulas 



n POO 

L n {x + y) =^2,L k {x)L~ 1 _ k {y), / L m {x)L n 
k=o J ° 



(x)e x dx = 5 ri 



one obtains 



when m < n, 



when n < m and 



(f*9g)(u) = 



(f*Vg)(u) 



L-i m {-u)e u ' 2 , u<0 

0, u > 

0, u < 

C,(«)e^ /2 , «>0 



(/*3» ff )(«) = e 



when m = n. Especially, these vectors generate functions of the form R 9 a; i— > x n e~^ and thus their 
Fourier transforms span a dense subspace of Hence, D = and thus r is extreme in 0(R, L 2 (R)). 

It is known [THl [T7] that the first moment operator 

T := t[1] = / tdr(t) 
Jn 

is symmetric and densely defined and that it coincides with the symmetric operator 

T' = msign(P)|Pr 1 / 2 Q|Pr 1 ' /2 

on a dense subspace of L 2 (M). Here Q is the usual position operator: (Qip)(x) — xip(x). Neither T nor 
T" is self-adjoint but T" satisfies formally the commutation relation (|26p. 
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Remark 4.1 We may also define the time observables using Hermite functions hk £ L 2 (M.), k — 
0, 1,2,.. ., where 

h k (x) = (-l) k (2 k k\V^)- 1/2 e x ^ 2 — e~ x \ xel, 

dx K 

for all k = 0, 1, 2, Suppose that fc 6 Z. Define fc = if 2 | fc and fc = 1 otherwise. The Hermite 

functions form an orthonormal basis of L 2 (R) and hk(e) = i k (2m/e) 1 / 4 hk(V2rns)e- k - for all k = 0, 1, 2, . . . 
and e > 0. Here 



, , (i,(-i)^) ec 2 , j -0,1. 



1 

Using the Hermite basis and Proposition 14.11 one finds that any time observable M can be given in the 
form 

00 jl — k p poo poo 

M(B)=V / / / e ^ fe -^ ) /i fc (pi)^(p 2 )<C ¥ (pi)|Ci(p2)>V^*i*2*IM<^l 

weakly for all B £ 53(E) with some unit- vector- valued functions £j : R + — 5- JVl, j = 0, 1, with Co(p) -L Ci(p) 
for a. a. p > 0. 



5 Covariant Position Difference Observables 

Finally, we examine a situation where the transitive space VL differs from the symmetry group; covariant 
position difference observables. Our physical system consists of two (nonrelativistic) particles moving in 
the space R n . The physical variable measured is the difference x = X2 — xi of the positions Xi, X2 £ R n 
of the particles 1 and 2 respectively. When the positions of the particles are translated with a vector 
g = (111,112) £ R 2 ™, ui, 112 S M. n the position difference x £ R" changes according to 

g-x= (ui,u 2 ) -x = x + u 2 - ui. (32) 

The position difference value space R" is homeomorphic to the coset space M. 2n /H where 

ff = {(u,u)|u€ R"} 

is a closed subgroup of the additive translation group R 2n . The character group M. 2n is homeomorphic to 
R 2 ™ when the duality is given by (g, v) = e^ s ' v ) for all g, v G R 2 ™ and the annihilator of H is 

H 1 = {(- P ,p)|peR n }- 

We identify the coset space R 2 ™/^^ with R™ by picking unique representatives (w, 0), w £ R™, from 
each coset. 

The Hilbert space for the system is L 2 (R 2n , d 2n g). The first n coordinates are assigned to the particle 1 
and the remaining coordinates to the particle 2. Let us define a strongly continuous unitary representation 
U of R 2 " in the space L 2 (R 2 ™) by 

(tf(gV)(g') = ^(g'-g) 

for all g, g' e R 2 " and (p E L 2 (R 2 "). One may check that 3T7(g) = K(g)£F where (V(g)tp)(g r ) = 
e »(g|g )(^(g') for all g, g' € R 2n and tp £ L 2 (R 2 ™). We may characterize the position difference observables 
in H as the covariance structure Oj/(R n , L 2 (R 2 ™)), i.e. a position difference observable M satisfies the 
covariance condition 

U(g)M(B)U(g)* = M(g • B) 
for all g £ R 2 ™ and B £ T> (R™) where the group R 2 ™ operates in the space R™ according to ([32]) . 
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Choose the scaled Lebesgue-measure d"p/(27r)™/ 2 as the Haar measure for the annihilator and also as 
the R 2n -invariant measure for the position difference value space, i.e. d/i(x") = d n x/ (2ir) n / 2 . The measure 
v on R^/H 1 - ~ R" is chosen to be d n w/(27r) n / 2 so that u v = v is d 2 "v/(27r)". Thus Ot/(K", L 2 (R 2n )) ^ 
0. 

Since L 2 (R 2 ™) is infinite-dimensional we may characterize all members M of the covariance structure 
c/ (R n , L 2 (R 2n )) by fixing a weakly measurable unit- vector- valued map £ : R 2 ™ — > L 2 (R 2n ) and defining 
the decomposable isometry W of Theorem 1 2 . 1 1 by (W(p)(vt) = <£(w)£(w) for all cp £ L 2 (R 2n ). For each 
such isometry we may also define a measurable function a : R 3n — > C by 

a(w,pi,p 2 ) = (f(w-pi,pi)|£(w-p 2 ,P2)) w, pi,p 2 eR". (33) 
Let us now define the set 2l(R") of measurable functions a : R 3 ™ — > C such that 

1. a(w,pi,p 2 ) = a(w,p 2 ,pi) for a.a. w, p x , p 2 £ R", 

2. / ffin f Rn a(w, pi, p 2 )/(pT)/(p 2 ) rf"Pi d n p 2 > for all / £ C c (R n ) and for a.a. w £ R n and 

3. a(°'(w,p) = 1 for a.a. w, p £ R n . 

The number a'°)(w, p) = SfceN l a fc( w >P)| 2 is the 'diagonal value' given by the Kolmogorov decomposi- 
tion 

a(w,pi,p 2 ) = ^a fc (w,pi)a fc (w,p 2 ) (34) 

fcGN 

where the functions au ■ R 2 " — > C are measurable. Such a decomposition can always be constructed 
since any a £ 2t(R n ) gives kernels (pi,p 2 ) a(w, pi,p 2 ), w £ R", for positive sesquilinear forms 5* w 
determined by 

Sw(f,9)= / «(w, pi, p 2 )/(pi).g(p 2 ) d"pi d n p 2 

for all /, g £ C C (R"). The condition 3 ensures that by setting £(pi,p 2 ) = X^fcew a fe(Pi> P2) e fei Pii P2 £ 
R™, with an orthonormal basis {efc | k £ N} C L 2 (R 2n ) any a £ 2l(M") with a decomposition as in (pH)) 
determines a weakly measurable unit- vector- valued map £ : R 2 ™ — > L 2 (R 2n ). We may now characterize 
the covariance structure Ojj (R™, L 2 (R 2 ™)) and its extreme points. 

Proposition 5.1 For any M £ 0[/(R n , L 2 (R 2rl )) ttere is a function a £ 2l(R n ) and a weakly measurable 
unit-vector-valued map £ : R 2 " -> L 2 (R 2 ") re/atod to a according to (33]) swc/i i/iai 

(p|M(Bty) = / / / / e 4 ( x IP 1 -P 2 ) a (w, pi, p 2 )^(w - pi, piMw - p 2 , p 2 ) x 

( Z7r ) J B JE" JR™ JE" 

x d™picf i p2d n w(rx (35) 

for all ip, ip £ C C (R 2 ") and B £ 23(R™). On the other hand, given a function a £ 2t(R"), (|35l) determines 
an observable M £ v (R n , L 2 (R 2n )). Futhermore ([35]) sets an affine bijectton between Ou(R n , L 2 (R 2n )) 
and 2l(R"). 

Suppose that M £ Oy(M", i 2 (R 2 ™)) is of the form ([35]) with a unit-vector-valued map £ : R 2 " — > 
L (M ) as in ()33|) . Let ms denote the space generated by the vectors J" R „ <p(w — p,p)£(w — p, p) d n p 
where ip £ C C (R 2 ™) by H w for all w £ R n and define the direct integral space H = f® n H w d"w. The 
observable M is an extreme covariant position difference observable, M £ Ext^O;y(R™, L 2 (R 2 ™))^, if 
and only if there is no non-zero decomposable operator A £ £(H) with components A(w) £ H W7 w £ R n , 
such that 

(£(w-p,p)L4(w)£(w-p,p)) =0 (36) 
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for a.a. w, p G R™. The observable M is extreme in 0(R", if and only if there is no non-zero 
decomposable operator D G £(L 2 (R™;H)) with components D(w) G L(H.), w G R™, such that 

/ e l(x|p2 " Pl) (^(w-pi,pi)|Li(w)e(w-p 2 ,p 2 ))^(w-pi,pi)^(w-p 2 ,p 2 ) x 

JM. n 

x d n Pl d n p 2 d"w d n x = (37) 
for all ip, V> € C C (R 2 "). 

Choosing the constant kernel a € 2l(R"), a(w, pi, p 2 ) = 1 for a.a. w, Pi, p 2 G R™, in ([33)) one obtains 
an observable which we call as the canonical position difference observable E^. A simple calculation shows 
that 

(E„(B)<p)(x, y) =xb(y- xMx, y) (38) 

for all B e S(R n ), 99 G L 2 (R 2 ™) and a.a. x, y G R". 

We may add another requirement for a position difference observable. Consider a representation Vb 
of R" in L 2 (R 2 ") defined through 

(y (p)^)(x,y)- e i(p|x+y V(x ! y) 

for all p, x, y € R™ and ip G L 2 (R 2 "). This representation corresponds to equal momentum boosts for 
both particles. We denote the set of those M G 0;y(R™, L 2 (R 2 ")) invariant with respect to V by 2)(R n ), 
i.e. for all M G D(R") 

V {p)M(B)V (p)* = M(B), pGR", BeB(R"). (39) 

Suppose that M is as in ([33)) . One can easily check that (I3"9")) is equivalent with the condition 

a(w + 2p.pi +p,p 2 +p) = a(w,pi,p 2 ) 

for a.a. w, pi, p 2 , p G R™. Let us denote the (essentially) constant value of the function R™ 3 p n- 
a(w + 2p,pi+p,p 2 + p) by /3(pi -w/2, p 2 -w/2) for all w, pi, p 2 G R n . Thus the function (3 : R 2 " -> C 
is the kernel of a positive form on C C (R") with diagonal values /3^(p) — 1 f° r a - a - P G ^™ an d there is 
a weakly measurable unit-vector- valued function ( : R n — > L 2 (R n ) such that 

0(Pl,P2) = <C(Pl)IC(P2)>, Pl,p 2 GR". 

We conclude that for any M G S)(R") there is a weakly measurable unit vector valued map £ : R™ — > 
L 2 (R") such that 

(p\M(BW = (27r)-« / III e <(*l Pl -P2) (c(pi _ w/2)|C(p 2 - w/2))#w - Pl , Pl ) x 

JB JR™ JR™ Je™ 

x ^(w-p 2 ,p 2 )rf"pirf™p 2 d n w(i"x (40) 

for all i/3, V G C c (R 2n ) and B G £(R"). 

We may also demand invariance under non-equal momentum boosts for the particles, i.e. invariance 
with respect to the representation V of R 2 ™ in L 2 (R 2n ) defined as the representation U^pn of Section[3] It 
is an easy task to check that if we demand ^-invariance of an observable M G Ou(R n , i 2 (R 2 ™)) defined 
by (I35[) , we obtain the condition 

a(w + p + p', Pi + p', p 2 + p') = a(w, pi, p 2 ) 

for a.a. w, pi, p 2 , p, p' G R". We may thus replace the kernel a with a continuous function of positive 
type 77 G £(R"). This means that 

{<p\M(B)1?) = (2tt)-"/ /J/ e iWpi - p2 ^(pi ~ P2)^(w - pi.pi^w - p 2 , p 2 ) x 

x d™pid"p 2 d n wd™x (41) 
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for all <p, %j) g C C (R 2 ™) and B G 23(M"). Let E x be the canonical position difference observable of (j3"5)) . 
Denote the scalar measure B n- (ip\E^(B)ip) by E^ . Using Bochner theorem one may easily check that 
M = p * Ex with a probability measure p : 23(R") —> [0, 1], i.e. 

(<p\M(B)i/>) = (p * E^){B), <p, V e L 2 (M 2 "). 

The converse also holds: p*E >c is a ^-invariant element in 0[/(R™, L 2 (K 2 ™)). Again, the extreme points 
in this smaller set of position difference observables are exactly the translated canonical position difference 
observables E u , E U (B) = E X {B — u) for all B G 23(R n ). Next we consider the case of a compact cyclic 
position space. 

Let a unitary representation U of T 2 ™ in L 2 (T 2n , p^n) be defined by 

(Z7(u)^)(v)=^(vu) 

for all u, v G T 2 ™ and </? € L 2 (T 2n , p 2 n) where the measure pin is defined as in the previous section. The 
physical system consists of two particles confined to the space T™ . The position difference of the particle 
1 with coordinates w and the particle 2 with coordinates z is zw. The Hilbert space describing the 
system is L 2 (T 2n , p2n) ■ Analogously to the above situation we define the position difference observables 
M on T n through the covariance condition 

E7(w, z)M(B)U(w, z)* = M(zwfl) 

for all B G 23 (T™) and w, z G T". 

Define the orthonormal basis {e m | m G Z 2 ™} where e m (u) = (u, m) for all m G T 2 ™ and u g T 2n . 
We may characterize the set of position difference observables M G 0[/(T", L 2 (T 2 ™)) and its extreme 
points in this situation in a similar fashion as above. 

Proposition 5.2 For any M G Ojj(T n , L 2 (T 2 ™)) iftere is a family {£k.i | k, 1 € Z™} o/ wntf vectors in 
an infinite dimensional Hilbert space M swc/i i/iai 

M(B)= £ (Sj-k,k|£j-i,l) /'(z,k-l)d Aln (z)|e j _ k , k )(e j -i,i|, B G 23 (T n ). (42) 
j,k,iez»> ^ s 

On £/ie other hand, given any family of unit vectors £ k ,i G 3V€, k, 1 g Z™, (1421) defines a position differ- 
ence observable M G Ojj(T n , L 2 (T 2 ")). Suppose that a position difference observable M is as in (I42[) . 
Denote the Hilbert space generated by the vectors £j_k,kj k G Z™, &?/ Hj for every j £ Z". Define also 
H := ©jeZ" Hj. TTie observable M is extreme in 0[/(T n , L 2 (T 2 ™)) i/ and onZy i/ i/iere is no non-zero 
decomposable operator A G £ (H) urai/i components Aj G Hj , j G Z" , smc/i f/iaf 

(^•-k,k|^-_ k>k > = (43) 

for all j, k G Z™. The observable M is extreme in 0(T", L 2 (T 2n , p2n)) if and only if there is no non-zero 
decomposable operator D G £ (L 2 (T™, fj, n ; H)) iw'i/j components D(z) G £(H), z G T n , such that 

f (z,k-l)«j_ k>k |D(a)^_i >1 )d/ in (z)=0 (44) 

JT" 

/or a/Z j, k, 1 G Z™. The observable M is a PVM if and only if the vectors T™ x Z" 9 (z, j) H> (z, k)£j_k,k; 
k G Z n , generate the space L 2 (T™, /i„; H). 

Choosing in (|42|) £k,i = £ G M for all k, 1 G Z", one obtains the canonical position difference 
observable F x , (F x (B)<p) (w, z) = xbN^(w,z) for all B G 23(Z"), ^ G L 2 (T 2n ,^ 2n ) and w, z G T n . 
This is, of course a PVM. We may again require additional invariance properties of position difference 
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observables on T™. One can proceed as earlier in this section and demand different momentum boost 
invariance conditions; note that in space T™ the momentum is quantized. We obtain results analogous 
to those above and we will not go into them in detail. Again, demanding invariance under independent 
momentum boosts for the particles, one ends up with a convolution structure: any such position difference 
observable is of the form p * with some probability measure p : 23(T™) — > [0, 1]. Note that restricting 
the momentum space, one can define covariant phase difference observables [T8] and get similar results. 

Conclusions 

We have characterized the quantum observables, POVMs, which are extreme in the set of observables 
covariant with respect to a unitary representation of a locally compact Abelian group which is Hausdorff 
in the case of an arbitrary transitive value space. The method can be applied to several physical situations 
of which time, position and position difference observables are treated. We have also characterized the 
covariant observables which are extreme in the set of all quantum observables. 

The corresponding results concerning a very general type I symmetry group G with the trivial value 
space (G, 23(G)) have been obtained in [TJ Q25] and in the case of a compact symmetry group and an 
arbitrary transitive value space in [4]. The next task is to generalize the results of this paper. An 
aim is to characterize the covariance structures involving a more general type I group and an arbitrary 
transitive value space and study covariant extreme observables using the methods presented especially in 
[5] and [TH] • This would allow us to study a wider range of covariant observables and give their extremality 
conditions. Especially, interesting cases would be extreme covariant observables with Euclidean, Poincare 
or Heisenberg symmetry groups. 
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A Appendix: Proofs of Theorems 12. 1L 12. 2L and 12.31 

Before we prove Theorem l2.1[ we give the exhaustive characterization of the covariance structure Oj/(f2, JC) 
found in [6]. Suppose that M £ Qu(Q, IK) and that / : ft — > C is continuous and compactly supported. 
We may now define a bounded operator M(f) £ £(IK) by 

M(f)= f f(u)dM(u). 
Jn 

Let us state the main result of [6 . 

Theorem A.l Suppose that 0[/(f2, IK) ^ 0. Let the measure v and the spaces IK 7 , 7 £ G, be as in 
Section^ Suppose that M £ 0[/(f2, IK) and that M. is a fixed infinite- dimensional Hilbert space. There 
is a decomposable isometry W : IK — > L 2 (G, v]JA) such that (Wip)^) = W( r y)<p{ r y) for all cp G 5t, where 
W(pf) : ?£ 7 — > M is an isometry for v-a.a. 7 £ G. Furthermore for all (p, 1/} € IK and f £ C c (ft) one has 

(<p\M(f)j>) = [[ (3 r /)(r?)M7)|W(7)*^(7-r ? )^(7-»?)>^di/(7). (45) 

Conversely, if M is an infinite dimensional Hilbert space and W a decomposable isometry, (j45|) defines 
an observable M £ Qu(Q, IK). 
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Remark A.l If we do not demand vjj = v and only assume that dvjj(^) = ^(7) di>(^) with a real non- 
negative Borel-function p on G we must replace the isometric components W{^) of W by yj p(j)W (7) in 
the above theorem as well as in Theorems l2.11 [^7^1 and This is unnecessary since the density function 
p can be embedded in the component spaces !K 7 of the decomposition ([6]) for J£ and thus we may assume 
with no loss of generality that p = 1. 



Next we reformulate the above theorem to obtain Theorem 12.11 Fix an infinite-dimensional Hilbert 
space M and let W : 'K — > L 2 (G, i>] M) be a decomposable isometry so that (Wip)(j) = W (7)^(7) for 
all ip € M and 7 € G where W(7) : 'K 1 — > M is an isometry and let the operator 211 and spaces D C IK 
and H be as in Section [5J First we show that D is dense in 3~C. Let us denote the measurable function 
7 1 — ^ dim (3~C 7 ) by n. Suppose that G 3 7 n- {efc(7) G !K 7 1 1 < fc < 71,(7) + 1} is a measurable field of 
orthonormal bases in the component spaces !K 7 , 7 € G. This means that every ip G J£ can be written in 
the form 

71(7) 

^(7) = ^2(ek(l)\fh))e k {l), 7 e G. 

k=l 

We associate with every ip g 5£ the functions <^fc : G — > C, fc G N U {00}, defining for all 7 G G 
<Pk("f) = ( e fc(7)|v 3 (7)) f° r an ^ < "(7) + 1 an d otherwise (pk{l) — 0. We denote by T>o the dense subspace 
of vectors ip € Jf such that £ G C (G) for all fc G N U {00} and only a finite number of the functions 
ipk differ from zero. One immediately sees that ©0 C D and thus CD is also dense. Note that "K can be 
embedded in £ 2 (G, v; M) via J2k=i ¥k{l)ek{l) ^ Sfcli Pkiljfk where {fk}kLi is an orthonormal basis 
of M. 

Proof of Theorem \2.1\ Suppose that M G 0(7(0, "K) and that the decomposable isometry W is as 
in Theorem IA.11 Let the operator 2H with domain T> and image space closure H be as earlier. When 
(p, ip G J£ and / G G c (f2) we may rewrite (|45l) in the following way using the properties of v: 



(<p\M(f)i/>) = / / m)(v)(W(~f + tMl + 0\Wh + C-r))ip(~f + (-v)}dvdCdv(l~f}) 

(?/)(C - Z)(W(7 + CMi + CWh + 0V>(7 + 0) dfdCdKH) 
(5, C - 0/([»])<W(7 + CM7 + 01^(7 + 0^(7 + 0) x 



G/H 1 - JH^ JH 



x dfA(\g])d^dCMh]) 



f(\g])(w(r/ + 0(WV) (7 + 01^(7 + O(Wtf) (7 + 0) * 

iG/H 1 ^ JH ± JH^ J ft 

giving the first part of Theorem 12.11 

Suppose now that there is a projection valued measure P G 0t/(f2, ?C). We may proceed as in [12] 
and define operators ^(77) G £(?{), 77 G il , through 



V(v)= / ( ff ,r,)dP([ 5 ]). 

Since P is projection valued it follows that 77 V(rj) is a unitary representation of H 1 - [T^]. As in [T^l 
Section 5] one can calculate using Fourier-Plancherel theory that 

(V(ri)<p) (7) = ^(7)^(7 - vMl ~ V) 

for a. a. 7 G G, rj G i? and all i/p G "K where W is the decomposable isometry defining P. Using the 
above equation and V(C)V"(£) = V(( + £) one finds that 

w^yw^ - c - = ^(7)^(7 - CM7 - 0*^(7 - c - 
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for a. a. 7 G G and £, £ e iP 1 . Substituting £ = — £ in the above formula we find 

ix, = w^yw^ - Qwi-f - 0*^(7) = w^yw^ - 0(^(7)^(7 - 0)*- 

Replacing 7 with 7 + C produces 

= W( 7 + 0*^(7)^(7)^(7 + C) = (W(7)*W( 7 + 0) *W{j)*W{j + Q. 

Thus W / (72)*W / ( 7 i) : JC 7l — >• 5Cy 2 is unitary for a. a. 71, 72 within each coset [7] G G/H ± . It follows that 
(almost) all JC 7 within the same coset have the same dimension. We also see immediately that the image 
spaces W(7)(5£~) are equal within each coset of G/H 1 -. On the other hand if the mapping 7 m- dim (JCy) 
is essentially constant on a. a. [7] G G/H 1 - one may easily construct a decomposable isometry W with 
the above property and thus a PVM. □ 

Before proving Theorem 12.21 we show that the space H = 2B(D) (where the operator 2H : D — > 
L 2 (G/ H , v] M) is constructed from a decomposable isometry as in Section [5]) has the direct integral 
decomposition (fT2"j) . Suppose that Ph is the projection of L 2 (G/ H^ , v\ M) onto H. Define also two 
PVMs P G ^(G/H 1 -, L 2 (G/H ± , v; M)) and P € Z(G/H ± , J£) by setting 

P(Pi)$ - xbi $ , P(P 2 V = (xs 2 o p)p 

for all Si, P 2 G ©(G/PP 1 ), $ G L 2 {G/H ± , v\ M) and ^ G JC. Here p : G ^ G/H 1 - is the canonical 
quotient mapping. We immediately note that 

P(B)WJtp = WE{B)Lp 

for all ip eD. Since P(B)ip G D whenever B G l B(G/H ± ) and <p G D it follows that P(B)(H) C H for 
all B G ^{G/H^). This implies that also P(P)(H ± ) C H x for all B G T>(G/H ± ). One easily finds that 

[P(P),P H ]=0 

for all P G 23(G/P _L ). This means that the projection Ph is decomposable, i.e. there is a weakly 
measurable field G/H 1 - 3 [7] >->• P[ 7 ] e £(M) of projections such that (P^XM) = P[ 7 ]$([7]) for all 
$ G I?(G/H X , v; M) and [7] G G/iP 1 . Denote the image spaces P[ 7 ](M) by H H for all [7] G G/H 1 -. 
This verifies the decomposition (fT2|) . 

Proof of Theorem \2.2[ Suppose that A E L (H) is a non-zero decomposable operator such that (TT?|) 
holds. We may assume that \\A\\ < 1; otherwise one can redefine A' = ||j4|| _1 A With no loss of 
generality we may also assume that A is selfadjoint; otherwise redefine A" = i(A — A*). Let us define 
positive (decomposable) operators A ± — I ± A and operator- valued measures M ± by 

( v \M ± (B)^)=f f f f (gX-OiWd+CMi+OlA^w^+O^d+O) dCd^dv([i\)M\g]) 

JbJg/h^ Jh^ Jh^ l " 

for all <p, i/> G T) and B G 23 (f2). Using Fourier-Plancherel theory, Equation (fT4|) and properties of v, we 
have 

MM^flty) = / / / / (w,C- + + 01^,^(7 + 0^(7 + 0) x 
x d^d^di/([7])d/x(£j) 



(W(7 + 77M7 + »/)|A±W(7 + ?7)V(7 + V)) dr)dv([i]) 
g/h^Jh^ 1J 

(W(-y + 77)^(7 + »?)|W(7 + r?)-0(7 + f?)) *7<M[7D 

G/H ± J H± 

(W(jMj) 1^(7)^(7)} <#(7) = / (¥>(7M7)>d*(7) = <¥#>• 

G JG 
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Thus M ± are POVMs. In the above calculation we have identified ft with H- 1 . It follows from the 
decomposability of A that M ± € 0[/(ft, "K). Since i^Owe have M+ ^ M~ and M = j(M+ + M~) 
and hence M £ Ext(0[/(ft, JC)). 

Let us now assume that M ^ Ext(0[/(ft, Jf)) so that there are distinct covariant observables e 
G[/ (ft, JC) such that M = ^(Af+ + M~). The isometries of Theorem [Q related to Af ± are denoted by 
W^. Let the corresponding operators giving the Kolmogorov decompositions (|TTj) be and let the 
Hilbert space completions of the images 2B ± (D) be with components HjK, [7] £ G / H 1 -, respectively. 
Suppose that p, ip e T> are such that 2Uip = 2U?/>. Since ||2n ± x|| < V^||23Jxll for a11 X G £>, we have 
sar^^-v) = 0. Thus one may define sesquilinear forms F ± : H x H — > C by extending 

F ± (2H(^,2IJV') = (23J ± ¥j|23J ± V') ) (p,ipeT>, 

to H x H. We now have F ± (<I>, $) < 2||$|| 2 for all $ £ H. Hence the forms F ± are well defined and 
bounded and there are operators A ± e £(H) such that F^^, = (<I>| j 4 ± \E')h- It follows that 

(<^|M ± (S)^) = / (<2U(J7os)(a;)V|A ± <21J(J7os)(w)» d^i(w) (46) 
Jb 

for all ^ € 2), B £ 25 (ft) and any Borel measurable section s : ft — > G; such sections exist [T31 lemma 
3]. 

Define a unitary representation II of H in the Hilbert space H by 

(H(/ l )$)([ 7 ]) = (/ l , 7 )$([ 7 ]) (47) 
for all $ £ H, /i £ if and [7] £ G/H ± . One has 

2»t/(/i)<^ = n(/i)2% (48) 

for all he H and ipeD. 

Using (|48j) the arbitrariness of the section s means that must commute with the representation 
n. This means that A^ are decomposable as in (fiUl) [TT] . Since M + 7^ M~ one must have A + 7^ A - . 
We may now define a nonzero decomposable operator A = A + — A~ e £(H) with the property 

f (U(g)*p\W*A3BU(g)*Tp) dfx(\g}) = - = 

for all (p, ip e D. Applying Fourier-Plancherel theory to the above equation one finds that 

= / f f f (9X-0(Wh + (M7 + ()\A h] W( 1 + mi + 0)d(d{;dv({~f})d^lg}) 

= f f (Wfr + Q(<p(T + Q\A b] Wb + Qil>(T + Q)dCMb]) 

for all if) ip e D, This means that A satisfies the condition (IT4l) . □ 

Proof of Theorem \2.3[ Suppose that M e 0[/(fl, 5C). Let us pick a measurable section s : ft — > G. 
Using the notations of Section [2] we may define an isometry 3 s '■ ^ — > £ 2 (ft, Mi H) by 

$ 8 <p){u)=W{Uo S )(u)*tp (49) 

for all 99 e T) and weft. Let us also define a PVM P e S(25(ft), L 2 (ft, /x; H)) by P{B)ip = xb^P for all 
B e 25(ft) and ip e £ 2 (ft, /i; H). It follows from the definition of the space H that vectors %Bp, p e D, 
form a dense subspace of H. It now immediately follows that vectors of the form xb(-)W(U o s)(-)*p 
where B e 25(ft) and (p e D, form a dense subset of i 2 (ft, fi; H). Hence the triple (L 2 (ft,/i;H), P, 3s) 
is the minimal Naimark dilation of M, i.e. M(B) = 3tP(B)3 s or 

is 
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for all <p, ip G D and B G 

The Naimark dilation of the above form allows us to investigate whether the covariant observable 
M is extreme in 0(f2, Jt). In [3D] Hytonen e£ a/ found a 'diagonal' minimal Naimark dilation (X, P, 3) 
for any M G 0(.A, !H) with an arbitrary measurable space (f2, ./I) where 3C is of the direct integral form 
f® X u dm(uj) and the spectral measure P £ E(A, X) is defined through P(P)$ = x B $ for all $ G 3C 
and B E A. The (cr-)finite measure m here is such that the measures B i-> (y|M(B)^) are absolutely 
continuous with respect to to. (Such measures always exist as shown in 20 ). The extreme points 
of 0(A, J£) were characterized in [2] using this special form of the minimal Naimark dilation. Since 
G is locally compact and second countable it is also er-compact and thus [i is tr-finite. The measures 
B M> (tp\M(B)i/j) , tp, ip G 3f, are absolutely continuous with respect to /i as we have seen in Theorem 
12.11 Thus the dilation obtained above for a covariant observable M is of this special diagonal form and 
we may readily use the results of [2J. 

The requirement for a covariant observable M G 0{/(f2, 5C) with 3 S to be extreme in 0(fi, J£) is the 
following [2J: if D G £(£ 2 (r2, /j; H)) is decomposable, the condition 3* S D3 S = implies D — 0. Suppose 
that s' : Q — > G is another measurable section and that 3 S < is the corresponding isometry giving the 
unitarily equivalent Naimark dilation of M. Suppose also that D G L(L 2 (Q,, /z; H)) is decomposable 
with components D(lu) G £(H) for all w e i7. One finds that 

a* B >DS a > =3* S D3 S , 

where D G £(L 2 (r2, /x; H)) is a decomposable operator with components D(oj) — Tl(h(uj)) D(uj)IL(h(uj))* 
for all uj E ft. Here /i : fi — > i?, /i(o;) = s'(cj)s(cj) -1 , £ is a measurable map. As a result we find 
that if 3* S D3 S = for all decomposable D G £(L 2 (J7, /x; H)) with some section s the same true with any 
section. This concludes the proof of Theorem 12.31 □ 

Remark A. 2 An observable P G Ojj(H,, JC) is a PVM if and only if the associated isometry 3 S with any 
measurable section s is unitary, i.e. 3 S 3* S = ^L 2 (n,/i;H)- When we represent vectors $ G L 2 (Q, /i; H) in 
the form fi x G/H 1 - 3 (ui, [7]) 1— > $(w, [7]) G Hu, a simple calculation shows that 

(a a ar*)(w, [7]) = / /( S H- 1 S ( W '),7 + '7)i?(7 + '7) < I'(^,[7])^(w')^ (50) 

where E(j) := ^(7)^(7)* G £(Hu), 7 G G, is the projection onto the image space W(7)(!H 7 ), when 
is a decomposable isometry associated with P. As was shown in the proof of Theorem 12.11 these 
image spaces coincide within each coset of G/H 1 - and thus the projections £^(7) coincide in each coset. 
We denote the relevant projections by P[ 7 ], i.e. E{^') = whenever 7' G [7]. Applying this result to 
Equation (|5"0"|) gives 

for a.a. u> G and [7] G G/H 1 -. If P is a PVM it follows that P w = J H[7] for a.a. [7] G G/iP 1 . This 
means that Wiff) : J{ 7 — > H[ 7 ] is unitary. 
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